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Abstract
The local composite gluon-ghost operator
(
1
2
AaµAa
µ
+ αcaca
)
is analysed in the frame-
work of the algebraic renormalization in SU(N) Yang-Mills theories in the Landau, Curci-
Ferrari and maximal abelian gauges. We show, to all orders of perturbation theory, that this
operator is multiplicatively renormalizable. Furthermore, its anomalous dimension is not an
independent parameter of the theory, being given by a general expression valid in all these
gauges. We also verify the relations we obtain for the operator anomalous dimensions by
explicit 3-loop calculations in the MS scheme for the Curci-Ferrari gauge.
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1 Introduction
Vacuum condensates are believed to play an important role in the understanding of the non-
perturbative dynamics of Yang-Mills theories. In particular, much effort has been devoted to
the study of condensates of dimension two built up with gluons and ghosts. For instance, the
relevance of the pure gluon condensate
〈
AaµAaµ
〉
in the Landau gauge has been discussed from
lattice simulations [1] as well as from a phenomenological point of view [2]. That the operator A2µ
has a special meaning in the Landau gauge follows by observing that, due to the transversality
condition ∂µA
aµ = 0, the integrated operator (V T )−1
∫
d4xAaµA
aµ is gauge invariant, with V T
denoting the space-time volume. An effective potential for
〈
AaµAaµ
〉
has been constructed in [3],
showing that the vacuum of Yang-Mills favors a nonvanishing value for this condensate, which
gives rise to a dynamical mass generation for the gluons.
The operator A2µ in the Landau gauge can be generalized to other gauges such as the Curci-
Ferrari gauge and maximal abelian gauge, (MAG). Indeed, as was shown in [4], the mixed
gluon-ghost operator1 O =
(
1
2
AaµAaµ + αc
aca
)
turns out to be BRST invariant on-shell, where
α is the gauge parameter. Also, the Curci-Ferrari gauge has the Landau gauge, α = 0, as a
special case. Thus, the gluon-ghost condensate
(
1
2
〈
AaµAaµ
〉
+ α 〈caca〉
)
might be suitable for
the description of dynamical mass generation in these gauges. Recently, the effective potential
for this condensate in the Curci-Ferrari gauge has been constructed in [5] by combining the
algebraic renormalization [6] with the local composite operators technique [3, 7], resulting in
a dynamical mass generation. In this formalism, an essential step is the renormalizability of
the local composite operator related to the condensate, which is fundamental to obtaining its
anomalous dimension. It is worth mentioning that the anomalous dimension of the gluon-ghost
operator O =
(
1
2
AaµAaµ + αc
aca
)
in the Curci-Ferrari gauge, and thus of the gluon operator A2µ
in the Landau gauge, has been computed to three loops in the MS renormalization scheme, [8].
In addition, it has been proven [9] by using BRST Ward identities that the anomalous dimension
γA2µ(a) of the operator A
2
µ in the Landau gauge is not an independent parameter, being expressed
as a combination of the gauge beta function, β(a), and of the anomalous dimension, γA(a), of
the gauge field, according to the relation
γA2µ(a) = −
(
β(a)
a
+ γA(a)
)
, a =
g2
16pi2
. (1.1)
The aim of this paper is to extend the analysis of [9] to the Curci-Ferrari and maximal abelian
gauges. We shall prove that the operator
(
1
2
AaµAaµ + αc
aca
)
is multiplicatively renormalizable
to all orders of perturbation theory. Furthermore, as in the case of the Landau gauge, its
anomalous dimension γO(a) is not an independent parameter of the theory, being given in fact
by a general relationship valid in the Landau, Curci-Ferrari and maximal abelian gauges, which
is
γO(a) = − 2
(
γc(a) + γgc2(a)
)
, (1.2)
where γc(a), γgc2(a) are the anomalous dimensions of the Faddeev-Popov ghost c
a and of the
composite operator 1
2
gfabccbcc corresponding to the BRST variation of ca. In other words
sca = 1
2
gfabccbcc where s is the BRST operator.
The paper is organized as follows. In section 2, the renormalization of the dimension two
operator
(
1
2
AaµAaµ + αc
aca
)
is considered in detail, by taking the Curci-Ferrari gauge as an
1In the case of the maximal abelian gauge, the color index a runs only over the N(N − 1) off-diagonal
components.
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example and the relationship (1.2) is derived. In section 3, we verify the relation we obtain
between the anomalous dimensions explicitly at three loops in the Curci-Ferrari gauge in the
MS scheme. Section 4 is devoted to the Landau gauge, showing that the expression (1.2)
reduces to that of (1.1). In section 5 we shall analyse the maximal abelian gauge, where the
results established in [10] for the case of SU(2) will be recovered. Finally, in section 6 we present
our conclusions.
2 The gluon-ghost operator in Yang-Mills theories in the Curci-
Ferrari gauge
2.1 The Curci-Ferrari action
We begin by reviewing the quantization of pure SU(N) Yang-Mills in the Curci-Ferrari gauge.
The pure Yang-Mills action is given by
SYM = −
1
4
∫
d4xF a µνF aµν , (2.3)
with F aµν = ∂µA
a
ν − ∂νA
a
µ + gf
abcAbµA
c
ν . The so called Curci-Ferrari gauge, [11, 12], is defined
by the following gauge fixing term
Sgf =
∫
d4x
(
ba∂µA
µa +
α
2
baba + ca∂µ (Dµc)
a
−
α
2
gfabcbacbcc −
α
8
g2fabccacbf cmncmcn
)
, (2.4)
with
(Dµc)
a = ∂µc
a + gfabcAbµc
c . (2.5)
In order to analyse the renormalization of the operator
(
1
2
AaµAaµ + αc
aca
)
, we have to introduce
it in the action by means of a set of external sources. Following [9], it turns out that three external
sources J , ηµ and τµ are required, so that
SJ =
∫
d4x
(
J
(
1
2
AaµAaµ + αc
aca
)
+
ξ
2
J2 − ηµAaµc
a − τµ (∂µc
a) ca
−
g
2
τµfabcAaµc
bcc
)
(2.6)
where ξ is a dimensionless parameter, accounting for the divergences present in the vacuum
Green function
〈(
1
2
AaµAaµ + αc
aca
)
x
(
1
2
AaµAaµ + αc
aca
)
y
〉
, which are proportional to J2 [5].
The action (SYM + Sgf + SJ) is invariant under the BRST transformations, which read
sAaµ = − (Dµc)
a , sca =
g
2
fabccbcc ,
sca = ba , sba = − Jca ,
sτµ = − ηµ , sηµ = ∂µJ ,
sJ = 0 . (2.7)
Also, due to the introduction of the external sources J , ηµ and τµ it follows that the operator
s is not strictly nilpotent, namely
s2Φ = 0 , (Φ = Aaµ, ca, J, ηµ) ,
3
s2ca = − Jca ,
s2ba = − J
g
2
fabccbcc ,
s2τµ = − ∂µJ . (2.8)
Therefore, setting
s2 ≡ δ , (2.9)
we have δ (SYM + Sgf + SJ) = 0. The operator δ is related to a global SL(2, R) symmetry [13],
which is known to be present in the Landau, Curci-Ferrari and maximal abelian gauges, [14].
Finally, in order to express the BRST and δ invariances in a functional way, we introduce the
external action
Sext =
∫
d4x
(
Ωaµ sAaµ + L
a sca
)
(2.10)
=
∫
d4x
(
− Ωaµ (Dµc)
a + La
g
2
fabccbcc
)
,
where Ωaµ and La are external sources invariant under both BRST and δ transformations,
coupled to the nonlinear variations of the fields Aaµ and c
a. It is worth noting that the source
La couples to the composite operator g
2
fabccbcc, thus defining its renormalization properties. It
is easy to check that the complete classical action
Σ = SYM + Sgf + SJ + Sext (2.11)
is invariant under BRST and δ transformations
sΣ = 0 , δΣ = 0 . (2.12)
When translated into functional form, the BRST and the δ invariances give rise to the following
Ward identities for the complete action Σ, namely
• the Slavnov-Taylor identity
S(Σ) = 0 , (2.13)
• with
S(Σ) =
∫
d4x
(
δΣ
δΩaµ
δΣ
δAaµ
+
δΣ
δLa
δΣ
δca
+ ba
δΣ
δca
− Jca
δΣ
δba
+ ∂µJ
δΣ
δηµ
− ηµ
δΣ
δτµ
)
(2.14)
• The δ Ward identity
W (Σ) = 0 , (2.15)
with
W(Σ) =
∫
d4x
(
−Jca
δΣ
δca
− J
δΣ
δLa
δΣ
δba
− ∂µJ
δΣ
δτµ
)
. (2.16)
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2.2 The invariant counterterm and the renormalization constants
We are now ready to analyse the structure of the most general local counterterm compatible
with the identities (2.13) and (2.15). Let us begin by displaying the quantum numbers of all
fields and sources
Aaµ c
a ca ba La Ωaµ J η
µ τµ
Gh. number 0 1 −1 0 −2 −1 0 −1 −2
Dimension 1 0 2 2 4 3 2 3 3
(2.17)
In order to characterize the most general invariant counterterm which can be freely added to all
orders of perturbation theory, we perturb the classical action Σ by adding an arbitrary integrated
local polynomial Σcount in the fields and external sources of dimension bounded by four and with
zero ghost number, and we require that the perturbed action (Σ + εΣcount) satisfies the same
Ward identities and constraints as Σ to first order in the perturbation parameter ε, which are
S(Σ + εΣcount) = 0 + O(ε2) ,
W
(
Σ+ εΣcount
)
= 0 + O(ε2) , (2.18)
This amounts to imposing the following conditions on Σcount
BΣΣ
count = 0 , (2.19)
with
BΣ =
∫
d4x
(
δΣ
δAaµ
δ
δΩaµ
+
δΣ
δΩaµ
δ
δAaµ
+
δΣ
δLa
δ
δca
+
δΣ
δca
δ
δLa
(2.20)
+ ba
δ
δca
+ ∂µJ
δ
δηµ
+ ηµ
δ
δτµ
− Jca
δ
δba
)
,
and ∫
d4x
(
−Jca
δΣcount
δca
− J
δΣ
δLa
δΣcount
δba
− J
δΣ
δba
δΣcount
δLa
− ∂µJ
δΣcount
δτµ
)
= 0 . (2.21)
Proceeding as in [9], it turns out that the most general local invariant counterterm compatible
with the Ward identities (2.13) and (2.15) contains six independent parameters denoted by σ,
a1, a2, a3, a4 and a5, and is given by
Σcount =
∫
d4x
(
σ
4
F aµνF aµν + (a3 − a4)(DµF
µν)aAaν +
a1
2
baba + a2b
a∂µAaµ
+ (a2 − a3)c
a∂2ca + (a4 − a2)gf
abcca∂µ
(
cbAcµ
)
+
(αa4 − a1)
2
gfabcbacbcc + (αa4 −
a1
2
)
g2
4
fabccacbf cmncmcn
+ a3Ω
aµ∂µc
a + a4gf
abcΩaµAbµc
c −
a4
2
Lagfabccbcc
+
(a2 + a3)
2
JAaµAaµ + a1Jc
aca + a5
ξ
2
J2 − a2η
µAaµc
a
+ (a2 − a3)τ
µca∂µc
a + (a4 − a2)
g
2
τµfabcAaµc
bcc
)
. (2.22)
It therefore remains to discuss the stability of the classical action. In other words to check that
Σcount can be reabsorbed in the classical action Σ by means of a multiplicative renormalization
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of the coupling constant g, the parameters α and ξ, the fields {φ = A, c, c, b} and the sources
{Φ = J, η, τ, L,Ω}, namely
Σ(g, ξ, α, φ,Φ) + εΣcount = Σ(g0, ξ0, α0, φ0,Φ0) +O(ε
2) , (2.23)
with the bare fields and parameters defined as
Aa0µ = Z
1/2
A A
a
µ , Ω
a
0µ = ZΩΩ
a
µ , τ0µ = Zττµ
ca0 = Z
1/2
c c
a , La0 = ZLL
a , g0 = Zgg ,
ca0 = Z
1/2
c c
a , J0 = ZJJ , α0 = Zαα ,
ba0 = Z
1/2
b b
a , η0µ = Zηηµ , ξ0 = Zξξ . (2.24)
The parameters σ, a1, a2, a3, a4 and a5 turn out to be related to the renormalization of the
gauge coupling constant g, of the gauge parameter α, and of La, ca, Aaµ, and ξ respectively,
according to
Zg = 1 + ε
σ
2
,
Zα = 1 + ε
(
a1
α
− σ − 2a2 + 2a3 − 2a4
)
,
ZL = 1 + ε
(
−a2 −
σ
2
+ a3 − a4
)
,
Z1/2c = 1 + ε
(
−a3 + a2
2
)
,
Z
1/2
A = 1 + ε
(
−
σ
2
+ a3 − a4
)
,
Zξ = 1 + ε (a5 − 2σ − 2a2 + 2a3 − 4a4) . (2.25)
Concerning the other fields and the sources Ωaµ, ηµ, and τµ, it can be verified that they are
renormalized as
Zc = Zc , Z
1/2
b = Z
−1
L , ZΩ = ZL Z
−1/2
A Z
1/2
c
Zη = Z
−1
L Z
−1/2
c , Zτ = 1 . (2.26)
Finally, for the source J , one has
ZJ = Z
−2
L Z
−1
c , (2.27)
from which it follows that
γO(a) = − 2
(
γc(a) + γgc2(a)
)
, (2.28)
where γc(a) and γgc2(a) are the anomalous dimensions of the Faddeev-Popov ghost c
a and of
the composite operator g
2
fabccbcc, defined as
γc(a) = µ∂µ lnZ
1/2
c γgc2(a) = µ∂µ lnZL γO(a) = µ∂µ lnZJ
β(a)
a
= µ∂µ lnZ
−1
g γα(a) = µ∂µ lnZ
−1
α (2.29)
where µ is the renormalization scale.
Therefore, we have provided a purely algebraic proof of the multiplicative renormalizability
of the gluon-ghost operator to all orders of perturbation theory. In particular, we have been able
to show, as explicitly exhibited in (2.28), that the anomalous dimension of
(
1
2
AaµAaµ + αc
aca
)
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is not an independent parameter of the theory, being given by a combination of the anomalous
dimensions γc(a) and γgc2(a). It is worth mentioning that it has also been proven, [15], for the
Curci-Ferrari gauge that the anomalous dimension of the ghost operators g
2
fabccbcc, g
2
fabccbcc
and g
2
fabccbcc are the same.
Although we did not consider matter fields in the previous analysis, it can be checked that
the renormalizability of O and the relation (2.28) remain unchanged if matter fields are included.
3 Three loop verification
In this section, we will explicitly verify the relation (2.28) up to three loop order in the Curci-
Ferrari gauge in a particular renormalization scheme, MS. The values for the β-function and
the anomalous dimensions of the gluon, ghost, the operator O and the gauge parameter α have
already been calculated in the presence of matter fields in [8]. For completeness we note that
for an arbitrary colour group these are
β(a) = −
[
11
3
CA −
4
3
TFNf
]
a2 −
[
34
3
C2A − 4CFTFNf −
20
3
CATFNf
]
a3
+
[
2830C2ATFNf − 2857C
3
A + 1230CACFTFNf − 316CAT
2
FN
2
f
− 108C2FTFNf − 264CFT
2
FN
2
f
] a4
54
+ O(a5) , (3.30)
γA(a) = [(3α − 13)CA + 8TFNf ]
a
6
+
[(
α2 + 11α − 59
)
C2A + 40CATFNf + 32CFTFNf
] a2
8
+
[(
54α3 + 909α2 + (6012 + 864ζ(3))α + 648ζ(3) − 39860
)
C3A
− (2304α + 20736ζ(3) − 58304)C2ATFNf + (27648ζ(3) + 320)CACFTFNf
− 9728CAT
2
FN
2
f − 2304C
2
FTFNf − 5632CFT
2
FN
2
f
] a3
1152
+ O(a4) (3.31)
γc(a) = (α− 3)CA
a
4
+
[(
3α2 − 3α− 95
)
C2A + 40CATFNf
] a2
48
+
[(
162α3 + 1485α2 + (3672 − 2592ζ(3))α − (1944ζ(3) + 63268)
)
C3A
− (6048α − 62208ζ(3) − 6208)C2ATFNf − (82944ζ(3) − 77760)CACFTFNf
+ 9216CAT
2
FN
2
f
] a3
6912
+ O(a4) , (3.32)
γO(a) = − [16TFNf + (3α− 35)CA]
a
6
−
[
280CATFNf + (3α
2 + 33α − 449)C2A + 192CFTFNf
] a2
24
−
[(
(2592α + 1944)ζ(3) + 162α3 + 2727α2 + 18036α − 302428
)
C3A
− (62208ζ(3) + 6912α − 356032)C2ATFNf + (82944ζ(3) + 79680)CACFTFNf
− 49408CAT
2
FN
2
f − 13824C
2
FTFNf − 33792CF T
2
FN
2
f
] a3
3456
+ O(a4) . (3.33)
γα(a) = α
[
a
4
CA + (α+ 5)C
2
A
a2
16
7
+ 3C2A
[(
α2 + 13α + 67α
)
CA − 40TFNf
] a3
128
]
+ O(a4) (3.34)
where the anomalous dimension of O in our conventions is given by (−4) times the result quoted
in [8]. The group Casimirs are tr
(
T aT b
)
= TF δ
ab, T aT a = CF I, f
acdf bcd = δabCA, Nf is the
number of quark flavours and ζ(n) is the Riemann zeta function. Our definition here of γα(a),
which denotes the running of α, differs from that of [8] due to a different definition of Zα. For
computational reasons, it turns out to be more convenient to consider the renormalization of
the ghost operators fabccbcc, fabccbcc and fabccbcc instead of gfabccbcc, gfabccbcc and gfabccbcc
respectively. We note that we have first verified that to three loops the anomalous dimension of
each of the three operators are in fact equal, in agreement with [15]. Accordingly, we find
γc2(a) =
3
2
CAa +
[
(18α+ 95)C2A − 40CATFNf
] a2
24
+
[(
621α2 + (7182 + 2592ζ(3))α + (1944ζ(3) + 63268)
)
C3A
− (432α + 62208ζ(3) + 6208)C2ATFNf + (82944ζ(3) − 77760)CACFTFNf
− 8960CAT
2
FN
2
f
] a3
3456
+ O(a4) . (3.35)
We have deduced this result using the Mincer package, [16], written in Form, [17], where
the Feynman diagrams are generated in Form input format by Qgraf, [18]. For instance, for
fabcc¯bcc there are 529 diagrams to determine at three loops and 376 for the operator fabccbcc
where each is inserted in the appropriate ghost two-point function. The same Form converter
functions of [8] were used here. Since the operator fabcc¯bcc has the same ghost structure as
the operator c¯aca, we were able merely to replace the Feynman rule for the operator insertion
of c¯aca in the ghost two-point function with the new operator and use the same routine which
determined γO(a) in [8]. However, as f
abccbcc has a different structure we had to generate a
new Qgraf set of diagrams to renormalize this operator. That the anomalous dimensions of
both operators emerged as equivalent at three loops for all α provides a strong check on our
programming as well as justifying the general result of section 2. Now, taking into account the
extra factor g, the anomalous dimension γgc2(a) is found to be
γgc2(a) = [8TFNf − 13CA]
a
6
+
[
(6α− 59)C2A + 40CATFNf + 32CFTFNf
] a2
8
+
[(
207α2 + (2394 + 864ζ(3))α + (648ζ(3) − 39860)
)
C3A
− (144α + 20736ζ(3) − 58304)C2ATFNf + (27648ζ(3) + 320)CACFTFNf
− 9728CAT
2
FN
2
f − 2304C
2
FTFNf − 5632CFT
2
FN
2
f
] a3
1152
+ O(a4) . (3.36)
It is then easily checked from the expressions (3.33), (3.34) and (3.36) that, up to three loop
order,
γO(a) = − 2
(
γc(a) + γgc2(a)
)
. (3.37)
It is worth mentioning that the renormalizability of the operator O was already discussed in
[19] from the viewpoint of the massive Curci-Ferrari model. Whilst the relation (2.28) was not
explicitly given in [19], it is possible to obtain the relation from that analysis. Although the
relation (2.28) has been established in the case of the Curci-Ferrari gauge, it expresses a general
property of the gluon-ghost operator which remains valid also in the Landau and maximal
abelian gauges, as will be shown in the following sections.
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4 The Landau gauge
The Landau gauge is a particular case of the Curci-Ferrari gauge, corresponding to α = 0. The
Landau gauge is known to possess further additional Ward identities [6, 20], implying that the
renormalization constants ZL and Zc can be expressed in terms of Zg and ZA, according to [9]
ZL = Z
1/2
A , Zc = Z
−1
g Z
−1/2
A . (4.38)
Therefore, it follows that (2.27) reduces to
ZJ = ZgZ
−1/2
A (4.39)
from which the expression (1.1) is recovered, providing a nontrivial check of the validity of the
general relationship (1.2).
As another internal check of our computations, we note that we should also find in the
Landau gauge that γgc2(a) = γA(a), as is obvious from (4.38). It can indeed be checked from
(3.31) and (3.36) that
γgc2(a)
∣∣∣
α=0
= γA(a)|α=0 . (4.40)
5 The maximal abelian gauge
As is well known, the maximal abelian gauge is a nonlinear partial gauge fixing allowing for a
residual U(1)N−1 local invariance [10, 21, 22, 23]. In the following, a Landau type gauge fixing
will be assumed for this local residual invariance. The Slavnov-Taylor and the δ Ward identities
(2.13) and (2.15) can be straightforwardly generalized to this case. It is useful to recall that the
gauge field is now decomposed into its off-diagonal and diagonal components
AaµT
a = AiµT
i +AαµT
α , (5.41)
where the index i labels the N − 1 generators T i of the Cartan subalgebra of SU(N). The
remaining N(N − 1) off-diagonal generators Tα will be labelled by the index α. Accordingly,
for the Faddeev-Popov ghost ca we have
caT a = ciT i + cαTα , (5.42)
with
scα = gf αβicβci +
g
2
f αβγcβcγ , (5.43)
sci =
g
2
f iαβcαcβ .
Also, the group index of the gluon-ghost operator runs only over the off-diagonal components,
namely
OMAG =
(
1
2
AαµAαµ + αc
αcα
)
. (5.44)
Denoting respectively by Z˜ and Z the renormalization factors of the off-diagonal and diagonal
components of the fields, it follows that, according to the relationship (2.28), the output of the
Slavnov-Taylor and δ Ward identities gives
γOMAG(a) = − 2
(
γ˜cα(a) + γ˜gc2(a)
)
, (5.45)
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where γ˜cα(a) and γ˜gc2(a) are the anomalous dimensions of the off-diagonal ghost c
α and of
the composite operator
(
gf αβicβci + g
2
f αβγcβcγ
)
which corresponds to the BRST variation of
cα. Moreover, as shown in [22], the use of the Landau gauge for the local residual U(1)N−1
invariance allows for a further Ward identity. This identity, called the diagonal ghost Ward
identity in [22], implies that the anomalous dimension γ˜gc2(a) can be expressed as
γ˜gc2(a) =
β(a)
a
− γ˜cα(a) − γci(a) , (5.46)
where γci(a) is the anomalous dimension of the diagonal ghost c
i. Therefore, for the expression
of γOMAG(a) we obtain
γOMAG(a) = − 2
(
β(a)
a
− γci(a)
)
, (5.47)
a result which is in complete agreement with that already found in [10] for the case of SU(2).
Finally, it is worth mentioning that the anomalous dimensions of the diagonal and off-diagonal
components of the fields have been computed at one-loop order in [10, 23], so that (2.28) gives
explicit knowledge of the one-loop anomalous dimension of the gluon-ghost operator in the
maximal abelian gauge.
6 Conclusion
We have shown that the mass dimension two gluon-ghost operator O = 1
2
AaµA
µa + αcaca is
multiplicatively renormalizable in the Landau, Curci-Ferrari and maximal abelian gauges. Fur-
ther, we were able to establish a general relation between the anomalous dimension of O, the
Faddeev-Popov ghost ca and the dimension two ghost operator gfabccbcc, as expressed by the
eq.(1.2). This relation has been derived within the framework of the algebraic renormaliza-
tion [6], following from the Slavnov-Taylor identity (2.13). As such, it extends to all orders of
perturbation theory and is renormalization scheme independent, for any scheme preserving the
Slavnov-Taylor identity. It has been explicitly verified up to three loops in the MS scheme in
the Curci-Ferrari gauge.
Furthermore, due to additional Ward identities that exist in the Landau gauge [6] and in
the MAG [22], we were able to rewrite the relation (1.2) for the anomalous dimension for O
in terms of the β-function and the anomalous dimension of the gluon and/or ghost fields. In
particular, concerning the maximal abelian gauge, it is worth underlining that the multiplicative
renormalizability of the gluon-ghost operator, eq.(5.47), is a necessary ingredient towards the
construction of a renormalizable effective potential for studying the possible condensation of the
gluon-ghost operator and the ensuing dynamical mass generation, as done in the Landau [3] and
Curci-Ferrari [5] gauges.
As a final remark, we point out that, from the 3-loop expressions given in section 3, it is
easily checked that the following relations holds in the Curci-Ferrari gauge:
γO(a) = −
(
β(a)
a
+ γA(a)
)
, (6.48)
γgc2(a) = γA(a) − 2γα(a) . (6.49)
Up to now, we do not know if these relations are valid to all orders. They do not follow from
the Slavnov-Taylor identity (2.13). Nevertheless, although eqs.(6.48), (6.49) have been obtained
in a particular renormalization scheme, i.e. the MS scheme, it could be interesting to search
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for additional Ward identities in the Curci-Ferrari gauge which, as in the case of the Landau
gauge [9], could allow for a purely algebraic proof of eqs.(6.48), (6.49). Notice in fact that, when
α = 0, eq.(6.48) yields the anomalous dimension of the composite operator A2µ in the Landau
gauge. Also, eq.(6.49) reduces to the relation (4.40) of the Landau gauge, since γα(a) ≡ 0 if α
= 0.
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